
Coordinates and Transformations
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Where are you?
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37.267390149039755N, 

-76.71699287853293W

37°16'02.6"N 

76°43'01.2"W

778M+X66 

Williamsburg, Virginia

100 Ukrop Way 

Williamsburg, Virginia

Boswell Hall Room 341 

Williamsburg, Virginia

What else can we use 

to refer to this place?

https://maps.google.com/pluscodes/
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0°, 0.00001569ly
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C5

https://www.wm.edu/about/visiting/_documents/map_11x17.pdf
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Another coordinate system?

Where are we now?



Transformations
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Physical 

World State

Sense ControlPerceive Plan Act

Transformations



Coordinate Systems

• Method to “label” locations

• Associate numbers with points

• Need:

– Origin

– Basis Vectors (positive, unit length)
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{
Coordinate Systems

12

1D System

Origin

+X

{

(2)

• Need:

– Origin

– Basis Vectors (positive, unit length)

Origin

2D System

+X

+Y {

{ (1,1)

3D System

Origin

+X

+Y

+Z {

(1,1,1)



Coordinate System Conventions

• Right-handed coordinate system

– X – thumb

– Y – pointer 

– Z – middle 
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By Primalshell - Own work, CC BY-SA 3.0, https://commons.wikimedia.org/w/index.php?curid=27531327



Multiple Conventions

• 3D Reference Frames

• Multiple Conventions
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ENU – East North Up

Origin

+X (East)

+Y (North)

+Z (Up)

NED – North East Down

Origin

+Y (East)

+X (North)

+Z (Down)



Multiple Coordinate Frames
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+X 

+Y

+Z

World Frame



Multiple Coordinate Frames
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+X 

+Y

+Z

World Frame

+Y

+X

+Z

Drone Frame



Multiple Coordinate Frames
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+X 

+Y

+Z

World Frame

+Y

+X

+Z

Drone Frame

+X

+Y

+Z

Vehicle Frame



Multiple Coordinate Frames
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+X 

+Y

+Z

World Frame

+Y

+X

+Z

Drone Frame

+X

+Y

+Z

Vehicle Frame

+Y

+X

+Z

Drone #2 Frame



Multiple Coordinate Frames
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+X 

+Y

+Z

World Frame

+Y

+X

+Z

Drone Frame

+X

+Y

+Z

Vehicle Frame

+Y

+X

+Z

Drone #2 Frame

We need a way for these systems to consistently 

communicate about locations while respecting 

different the different coordinate systems!



Transforms

• Function to “transform” from one 
coordinate system to another

– Input: point/vector in frame A, target frame B

– Output: point/vector in frame B

• Pseudocode:

– Translate

– Rotate
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1D Transform
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O P

x

(x) from O



1D Transform
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O P

x

(x) from O

O’

Where is 

P in O’



1D Transform
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O P

x

(x) from O

(x’) from O’

O’

Transform 

from O to O’ x’=x-OO’



2D Transformation
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O X

Y

P

xp

yp

(xp, yp)



2D Transformation
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O X

Y

P

x’p

y’p

(xp, yp)

O’ X’

Y’

(x’p, y’p)

How do we relate 

these two coordinates 

so they can 

communicate?



2D Transformation - Translation
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O X

Y

P

xo’

yo’

(xp, yp)

O’ X’

Y’

(x’p, y’p)

=(xo’, yo’)



2D Transformation - Translation
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O X

Y

P

(xp, yp)

O’ X’

Y’

(x’p, y’p)

=(xo’, yo’)

x’p = xp - xo’

y’p = yp - yo’

This is a system 

of equations!

𝑥′
𝑦′

=
𝑥
𝑦 −

𝑥𝑜
𝑦𝑜



2D Transformation - Rotation
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O X

Y

P

(xp, yp)

O’

X’

Y’

(x’p, y’p)

𝛼



2D Transformation - Rotation
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O X

Y

P

(xp, yp)

O’

X’

Y’

(x’p, y’p)

𝛼

x’py’p

yp

xp



2D Transformation - Rotation
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O X

Y

P

(xp, yp)

O’

X’

Y’

(x’p, y’p)

𝛼

x’py’p

yp

xp

d’

d



2D Transformation - Rotation
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O X

Y

P

(xp, yp)

O’

X’

Y’

(x’p, y’p)

𝛼

y’p

yp

xp= d - d’

d’

d

x’p



2D Transformation - Rotation
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O X

Y

P

(xp, yp)

O’

X’

Y’

(x’p, y’p)

𝛼

y’p

yp

xp= d - d’

d’

d

x’p xp= d - d’

xp= x’p cos(𝛼) - y’psin(𝛼) 



2D Transformation - Rotation
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O X

Y

P

(xp, yp)

O’

X’

Y’

(x’p, y’p)

𝛼

y’p

yp

xp

x’p xp= x’p cos(𝛼) - y’psin(𝛼)

d’

d



2D Transformation - Rotation
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O X

Y

P

(xp, yp)

O’

X’

Y’

(x’p, y’p)

𝛼

y’p

yp

xp

x’p xp= x’p cos(𝛼) - y’psin(𝛼)

yp= d+d’

yp= x’p sin(𝛼) + y’pcos(𝛼)

d’

d

𝑥′
𝑦′

=
cos(𝛼) −sin(𝛼)
sin(𝛼) cos(𝛼)

𝑥
𝑦



2D Transformation:

 Translate then Rotate
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O X

Y

O’

X’

Y’

𝛼
ty=yo’

tx=xo’



3D Transformations

• Rotation around Z
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+X

+Y

+Z
+Y’

+X’𝛼

𝑥′

𝑦′

𝑧′

=
cos 𝛼 − sin 𝛼 0
sin 𝛼 cos 𝛼 0

0 0 1

𝑥
𝑦
𝑧



3D Transformations

• Rotation around X, Y, Z all different

– Composition of rotations

– Multiplication of matrices is not commutative

– Must agree on order
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Rotation about X

𝑥′

𝑦′

𝑧′

=

1 0 0
0 cos 𝛼 − sin 𝛼
0 sin 𝛼 cos(𝛼)

𝑥
𝑦
𝑧

Rotation about Y

𝑥′

𝑦′

𝑧′

=
cos 𝛼 0 sin 𝛼

0 1 0
−sin 𝛼 0 cos 𝛼

𝑥
𝑦
𝑧

Rotation about Z

𝑥′

𝑦′

𝑧′

=
cos 𝛼 − sin 𝛼 0
sin 𝛼 cos 𝛼 0

0 0 1

𝑥
𝑦
𝑧



3D Transformations

• Rotation around X, Y, Z all different

– Composition of rotations

– Multiplication of matrices is not commutative

– Must agree on order
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Rx

Ry

x

y

z

x

y

z x

y

z
90 degrees
counter-clockwise

Ry Rx

x

y

z

x

z
y



3D Transformations

• Rotation around X, Y, Z all different

– Composition of rotations

– Multiplication of matrices is not commutative

– Must agree on order
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Rx

Ry

x

y

z

x

y

z x

y

z
90 degrees
counter-clockwise

Ry Rx

x

y

z

x

z
y

ROS has transformation libraries that 

automatically handle the math from 

one coordinate frame to another!

https://docs.ros.org/en/foxy/Tutorials/Intermediate/Tf2/Introduction-To-Tf2.html


Frames in ROS

• tf2 api

• Define frames and relations

– Tree!

• Transforms between

– Static

– Dynamic

• Helper library to convert!

40

World

UAV Body

UAV Rotor

World/NED

static

static

dynamic



Transformations

• Physical data without a coordinate frame 

is useless!

• The frame is part of the data type!

41
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